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CHAPTER I

INTRODUCTION

Let (Xn) be a sequence of independent identically distributed random variables

with P (X1 = 1) = P (X1 = −1) = 1
2
. A symmetric random walk is a discrete time

stochastic process (Sn)n≥0 defined by S0 = 0 and Sn =
n∑

i=1

Xi for n ≥ 1. The

number of returns to the origin which is defined by

Kn = |{k ∈ N|1 ≤ k ≤ n and Sk = 0}|.

In 2015, Döbler [4] approximated the distribution of Kn by half-normal distri-

bution. A distribution H is called half-normal if

H(z) =

 0 if z < 0,

2√
2π

∫ z

−∞ e
−t2

2 dt if z ≥ 0.

Theorem 1.1 is his result.

Theorem 1.1. ([4]) Let n be an even positive integer. Then

sup
z≥0

∣∣∣∣P (Kn√
n
≤ z

)
−H(z)

∣∣∣∣ ≤ 1√
n

(
3 + 2

√
2√

2π
+

3

4

)
+

3

2n
.

After that, A. Sama-ae et al. [11] improved Theorem 1.1 to the case of a

non-uniform bound as follows.

Theorem 1.2. ([11]) Let n be an even positive integer. Then for z ≥ 0∣∣∣∣P (Kn√
n
≤ z

)
−H(z)

∣∣∣∣
≤ 1

(1 + z)3

(
107.56185√

n
+

73.75519

n
+

43.14923

n
√
n

+
13.97885

n2
+

2

n2
√
n

)
.
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From Theorem 1.2, we observe that the exponent of z is 3. In this thesis, we

improve the exponent of z to k where k ∈ N by using the Stein’s method and the

concentration inequality approach. Theorem 1.3 is our main result.

Theorem 1.3. Let W =
Kn√
n

and n be an even positive integer such that n ≥ 4.

For z ≥ 1 and k ∈ N, we have∣∣∣∣P (Kn√
n
≤ z

)
−H(z)

∣∣∣∣
≤ 1√

n

[
2.0918

e
7z2

32

+
0.8946

ze
z2

2

+
2.0958

zk
+

1

zk

(
2.9166

(
4

3

)k

+ 3 · 2k
)
EW k+1

]
.

From Theorem 1.3, we can see that the result has the form of EW k for k ∈ N.

Therefore we give the bounds of EW k as follows.

Proposition 1.4. EW k ≤
⌊ k
2
⌋−1∏

i=0

(k−2i) for k = 2, 3, 4, . . ., where ⌊k
2
⌋ is the largest

integer less than or equal to
k

2
. Futhermore, if k is even, then EW k ≤ 2

k
2

(
k

2

)
!.

In case of asymmetric, i.e., p ̸= 1

2
, we consider the number of returns to the

origin Kn,p defined by

Kn,p = |{k ∈ N|1 ≤ k ≤ n and Sk = 0}|.

Note that Kn, 1
2
= Kn. First, we give the distribution of Kn,p in Theorem 1.5 and

give the bounds for P (Kn,p = r) in Theorem 1.6 and Theorem 1.7.

Theorem 1.5. Let n = 2m, r = 1, 2, . . . ,m and q = 1− p.

(i) P (Kn,p = 0) = u2m,

(ii) P (Kn,p = r)

= 2r
m−r−1∑
l=0

r

r + 2l

(
r + 2l

r + l

)
(pq)r+lu2(m−r−l) +

r

2m− r

(
2m− r

m

)
2r(pq)m
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where

u2l =
l−1∑
k=0

[(
2l − 1

l + k

)
−
(

2l − 1

l + k + 1

)]
(pq)l−k−1(p2k+2 + q2k+2)

and

(
s

t

)
= 0 for t > s.

Theorem 1.6. Let n = 2m, r = 1, 2, . . . ,m and q = 1− p.

|P (Kn,p = 0)− |p− q|| ≤ △n,p

where

△n,p =
1√
2πm

(
p

q
+

q

p

)
(4pq)m.

Theorem 1.7. Let n = 2m, r = 1, 2, . . . ,m and q = 1− p.

|P (Kn,p = r)− (2pq)r(p− q)| ≤ △n,p,r

where

△n,p,r =

√
2 (p− q)√

πr(1− 4pq)
(4pq)r +

( √
2√
πm

+
1

π

(
p

q
+

q

p

)
m− r√

r

)
(4pq)m.

Finally, we will show that the distribution of
Kn,p√

n
does not converge to half-

normal distribution. Theorem 1.8 and 1.9 are our results.

Theorem 1.8. P

(
Kn,p√

n
≤ 0

)
does not converge to H(0) for p ̸= 1

2
.

Theorem 1.9. For z > 0, P

(
Kn,p√

n
≤ z

)
does not converge to H(z) for p > Φ(z)

or p < 1− Φ(z).
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We organize this thesis as follows. We improve the bound of Kn in case of

symmetric in chapter 2. In chapter 3, we find the distribution of Kn,p in case of

asymmetric, give the bound of its and show that the distribution of
Kn,p√

n
does not

converge in distribution to half-normal distribution. In chapter 4 we present the

idea for future research.



CHAPTER II

BOUNDS IN SYMMETRIC CASE

Define the sequence (Sn)n≥0 by S0 = 0 and Sn =
n∑

i=1

Xi for n ≥ 1, where

X1, X2, ..., are independent identically distributed random variables with P (X1 =

1) = P (X1 = −1) =
1

2
. In this thesis, let n be an even positive integer, say

n = 2m, and Kn denote the number of returns to the origin, i.e.,

Kn = |{k ∈ N|1 ≤ k ≤ n and Sk = 0}|.

Let W =
Kn√
n
. It is known ([5], p.96) that for each r ∈ {0, 1, . . . ,m}

p(r) := P (Kn = r) =
1

2n−r

(
n− r

n
2

)
=

1

22m−r

(
2m− r

m

)
(2.1)

and a random variable X with support [0,m] ∩ Z has probability mass function p

if and only if

E[(2m−X + 1)(g(X)− g(X − 1))− (X + 1)g(X)] = 0 (2.2)

for all function g : [−1,m] ∩ Z → R such that g(−1) = 0 ([4], p.178).

From (2.2) Döbler [4] showed that

0 ≤ EKn = (2m+ 1)P (Kn = 0)− 1 ≤
√

2n

π
, (2.3)

and hence,

EW ≤
√

2

π
. (2.4)
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From (2.2), Sama-ae et al. ([11], p.5) showed that

0 ≤ EK2
n = 2m+ 3− 3(2m+ 1)P (Kn = 0) ≤ 2m = n, (2.5)

and hence,

EW 2 ≤ 1. (2.6)

In 2015, Döbler [4] approximated the distribution of Kn by half-normal distribu-

tion. A distribution H is called half-normal if

H(z) =

 0 if z < 0,

2√
2π

∫ z

−∞ e
−t2

2 dt if z ≥ 0.

Theorem 2.1 is his result.

Theorem 2.1. ([4]) Let n be an even positive integer. Then

sup
z≥0

∣∣∣∣P (Kn√
n
≤ z

)
−H(z)

∣∣∣∣ ≤ 1√
n

(
3 + 2

√
2√

2π
+

3

4

)
+

3

2n
.

After that, A. Sama-ae et al. [11] improved Theorem 2.1 to the case of a

non-uniform bound as follows.

Theorem 2.2. ([11]) Let n be an even positive integer. Then for z ≥ 0∣∣∣∣P (Kn√
n
≤ z

)
−H(z)

∣∣∣∣ ≤ δn
(1 + z)3

where

δn =

(
107.56185√

n
+

73.75519

n
+

43.14923

n
√
n

+
13.97885

n2
+

2

n2
√
n

)
.

From Theorem 2.2, we observe that the exponent of z is 3. In this chapter, we

improve the exponent of z to k where k ∈ N by using the Stein’s method and the

concentration inequality approach. To do this, we first need to know kth moment

and concentration inequality for our main result.
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2.1 kth moment of W

In this section, we give bounds of the kth moment of W as follows.

Proposition 2.3. EW k ≤
⌊ k
2
⌋−1∏

i=0

(k−2i) for k = 2, 3, 4, . . ., where ⌊k
2
⌋ is the largest

integer less than or equal to
k

2
. Futhermore, if k is even, then EW k ≤ 2

k
2

(
k

2

)
!.

Proof. From (2.5) we know that EK2
n ≤ n ≤ n

k
2

⌊ k
2
⌋−1∏

i=0

(k − 2i) for k = 2. Hence,

we will prove the proposition for k ≥ 3.

Let g : [−1,m] ∩ Z → R defined by

g(t) =

tk−1 if t ≥ 0,

0 if t < 0.

Note that

Eg(Kn − 1) =
m∑
r=0

g(r − 1)P (Kn = r)

=
m∑
r=1

(r − 1)k−1P (Kn = r)

=
m∑
r=1

k−1∑
l=0

(
k − 1

l

)
rl(−1)k−1−lP (Kn = r)

=
k−1∑
l=0

(
k − 1

l

)
(−1)k−1−l

m∑
r=1

rlP (Kn = r)

=
k−1∑
l=1

(
k − 1

l

)
(−1)k−1−l

m∑
r=0

rlP (Kn = r)

+ (−1)k−1

m∑
r=1

P (Kn = r)

=
k−1∑
l=1

(
k − 1

l

)
(−1)k−1−lEK l

n + (−1)k−1(1− P (Kn = 0))

(2.7)
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and EKng(Kn − 1) =
m∑
r=0

rg(r − 1)P (Kn = r)

=
m∑
r=1

r(r − 1)k−1P (Kn = r)

=
m∑
r=1

r
k−1∑
l=0

(
k − 1

l

)
rl(−1)k−1−lP (Kn = r)

=
k−1∑
l=0

(
k − 1

l

)
(−1)k−1−lEK l+1

n . (2.8)

From (2.2), (2.7) and (2.8),

0 = E[(2m−Kn + 1)(g(Kn)− g(Kn − 1))− (Kn + 1)g(Kn)]

= E[(2m−Kn + 1)(Kk−1
n − g(Kn − 1))− (Kn + 1)Kk−1

n ]

= 2mEKk−1
n − 2mEg(Kn − 1) + EKng(Kn − 1)− Eg(Kn − 1)− 2EKk

n

= 2mEKk−1
n − (2m+ 1)Eg(Kn − 1) + EKng(Kn − 1)− 2EKk

n

= 2mEKk−1
n − (2m+ 1)

(
k−1∑
l=1

(
k − 1

l

)
(−1)k−1−lEK l

n + (−1)k−1(1− P (Kn = 0))

)

+
k−1∑
l=0

(
k − 1

l

)
(−1)k−1−lEK l+1

n − 2EKk
n

= 2mEKk−1
n − (2m+ 1)

(
k−1∑
l=1

(
k − 1

l

)
(−1)k−1−lEK l

n + (−1)k−1(1− P (Kn = 0))

)

+
k−2∑
l=0

(
k − 1

l

)
(−1)k−1−lEK l+1

n + EKk
n − 2EKk

n

= 2mEKk−1
n − (2m+ 1)

(
k−2∑
l=1

(
k − 1

l

)
(−1)k−1−lEK l

n + EKk−1
n

+ (−1)k−1(1− P (Kn = 0))

)
+

k−3∑
l=0

(
k − 1

l

)
(−1)k−1−lEK l+1

n −
(
k − 1

k − 2

)
EKk−1

n

− EKk
n
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=

(
2m− (2m+ 1)−

(
k − 1

k − 2

))
EKk−1

n − (2m+ 1)

(
k−2∑
l=1

(
k − 1

l

)
(−1)k−1−lEK l

n

+ (−1)k−1(1− P (Kn = 0))

)
+

k−3∑
l=0

(
k − 1

l

)
(−1)k−1−lEK l+1

n − EKk
n

= −kEKk−1
n − (n+ 1)

(
k−2∑
l=1

(
k − 1

l

)
(−1)k−1−lEK l

n + (−1)k−1(1− P (Kn = 0))

)

+
k−3∑
l=0

(
k − 1

l

)
(−1)k−1−lEK l+1

n − EKk
n.

Therefore,

EKk
n

= −kEKk−1
n − (n+ 1)

(
k−2∑
l=1

(
k − 1

l

)
(−1)k−1−lEK l

n + (−1)k−1(1− P (Kn = 0))

)

+
k−3∑
l=0

(
k − 1

l

)
(−1)k−1−lEK l+1

n . (2.9)

We can see that

EK3
n = −3EK2

n − (n+ 1)(−2EKn + 1− P (Kn = 0)) + EKn

= −3EK2
n + 2(n+ 1)EKn − (n+ 1)(1− P (Kn = 0)) + EKn

≤ −3EK2
n + 2(n+ 1)EKn + EKn

= −3EK2
n + 2nEKn + 3EKn

≤ −3EK2
n + 2nEKn + 3EK2

n

= 2nEKn (2.10)

where we have used the fact that

Kk
n ≤ Kk+1

n for k ∈ N (2.11)
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in the last inequality. Since

1− P (Kn = 0) =
m∑
r=1

P (Kn = r)

≤
m∑
r=1

rkP (Kn = r)

= EKk
n for all k ∈ N, (2.12)

so we get

EK4
n

= −4EK3
n − (n+ 1)(3EKn − 3EK2

n − 1 + P (Kn = 0))− EKn + 3EK2
n

= −4EK3
n − 3(n+ 1)EKn + 3(n+ 1)EK2

n + (n+ 1)(1− P (Kn = 0))− EKn

+ 3EK2
n

= 3nEK2
n − 4EK3

n + 6EK2
n − 3nEKn − 4EKn + n(1− P (Kn = 0))

+ (1− P (Kn = 0))

≤ 3nEK2
n − 4EK3

n + 6EK2
n − 3nEKn − 4EKn + nEK2

n + EKn

≤ 4nEK2
n − 4EK3

n + 6EK2
n − 3nEKn. (2.13)

By (2.11) and the fact that

EK l+1
n ≤ nEK l

n for l ∈ N, (2.14)

we get

EK4
n ≤ 4nEK2

n − 4EK3
n + 6EK2

n − 3EK2
n

= 4nEK2
n − 4EK3

n + 3EK2
n

≤ 4nEK2
n − 4EK3

n + 3EK3
n

≤ 4nEK2
n. (2.15)
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For k ≥ 5, by (2.9),

EKk
n

= −kEKk−1
n − (n+ 1)

(
k−2∑
l=1

(
k − 1

l

)
(−1)k−1−lEK l

n + (−1)k−1(1− P (Kn = 0))

)

+
k−3∑
l=0

(
k − 1

l

)
(−1)k−1−lEK l+1

n

= Ak +Bk + Ck +Dk, (2.16)

where

Ak = n

(
k − 1

k − 2

)
EKk−2

n ,

Bk = −
(
kEKk−1

n + n

(
k − 1

k − 3

)
EKk−3

n

)
,

Ck = −(n+ 1)(−1)k−1(1− P (Kn = 0)),

Dk = −n
k−4∑
l=1

(
k − 1

l

)
(−1)k−1−lEK l

n −
k−2∑
l=1

(
k − 1

l

)
(−1)k−1−lEK l

n

+
k−3∑
l=0

(
k − 1

l

)
(−1)k−1−lEK l+1

n .

We next estimate Dk, by (2.11), (2.14) and (2.16), we get

Dk

= −n
k−4∑
l=1

(
k − 1

l

)
(−1)k−1−lEK l

n +

(
k − 1

k − 2

)
EKk−2

n −
(
k − 1

k − 3

)
EKk−3

n

−
k−4∑
l=1

(
k − 1

l

)
(−1)k−1−lEK l

n +

(
k − 1

k − 3

)
EKk−2

n +
k−4∑
l=0

(
k − 1

l

)
(−1)k−1−lEK l+1

n

=

[(
k − 1

k − 2

)
EKk−2

n −
(
k − 1

k − 3

)
EKk−3

n +

(
k − 1

k − 3

)
EKk−2

n + (−1)k−1EKn

]
+

k−4∑
l=1

(
k − 1

l

)
(−1)k−1−l(−nEK l

n − EK l
n + EK l+1

n )
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≤
[(

k − 1

k − 2

)
EKk−2

n +

(
k − 1

k − 3

)
EKk−2

n

]
+

k−4∑
l=1

(
k − 1

l

)(
−(n+ 1)EK l

n + (n+ 1)EK l
n

)
=

[(
k − 1

k − 2

)
+

(
k − 1

k − 3

)]
EKk−2

n . (2.17)

Therefore, by (2.16) and (2.17),

EKk
n

≤ n

(
k − 1

k − 2

)
EKk−2

n − kEKk−1
n − n

(
k − 1

k − 3

)
EKk−3

n +

[(
k − 1

k − 2

)
+

(
k − 1

k − 3

)]
EKk−2

n

− (n+ 1)(−1)k−1(1− P (Kn = 0))

≤ n

(
k − 1

k − 2

)
EKk−2

n − kEKk−1
n − n

(
k − 1

k − 3

)
EKk−3

n +

[(
k − 1

k − 2

)
+

(
k − 1

k − 3

)]
EKk−2

n

+ (n+ 1)(1− P (Kn = 0)). (2.18)

By (2.11) and (2.14),

kEKk−1
n −

(
k − 1

k − 2

)
EKk−2

n = kEKk−1
n − (k − 1)EKk−2

n

= kE(Kk−1
n −Kk−2

n ) + EKk−2
n

≥ EKk−2
n , (2.19)

and

n

(
k − 1

k − 3

)
EKk−3

n −
(
k − 1

k − 3

)
EKk−2

n =

(
k − 1

k − 3

)
E(nKk−3

n −Kk−2
n )

≥
(
k − 1

k − 3

)
E(Kk−2

n −Kk−2
n )

= 0. (2.20)
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Thus, by (2.12), (2.18), (2.19) and (2.20),

EKk
n ≤ n

(
k − 1

k − 2

)
EKk−2

n − EKk−2
n + (n+ 1)(1− P (Kn = 0))

≤ n(k − 1)EKk−2
n − EKk−2

n + (n+ 1)EKk−2
n

= n(k − 1)EKk−2
n − EKk−2

n + nEKk−2
n + EKk−2

n

= nkEKk−2
n for k = 5, 6, 7, . . . .

From this fact and (2.10), (2.15) , we have

EKk
n ≤ nkEKk−2

n for k = 3, 4, 5, . . . . (2.21)

Next we will show that

EK2k
n ≤ nk

k−1∏
i=0

(2k − 2i) for k = 2, 3, 4, . . . (2.22)

and

EK2k+1
n ≤ nk+ 1

2

k−1∏
i=0

(2k − 2i+ 1) for k = 1, 2, 3, . . . . (2.23)

From (2.5) and (2.15), we see that

EK4
n ≤ 4n2 ≤ 8n2 = nk

k−1∏
i=0

(2k − 2i) for k = 2.

Assume that EK2k0
n ≤ nk0

∏k0−1
i=0 (2k0−2i) is true for k0 ∈ N\{1}. Thus, by (2.21),

EK2k0+2
n ≤ n(2k0 + 2)EK2k0

n

≤ n(2k0 + 2)nk
0

k0−1∏
i=0

(2k − 2i)

= nk0+1

k0∏
i=0

(2k0 − 2i+ 2).
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By Mathematical Induction, we have (2.22).

Similarly, from (2.3) and (2.10) we can see that

EK3
n ≤ 2

√
2

π
n
√
n ≤ 3n

√
n = nk+ 1

2

k−1∏
i=0

(2k − 2i+ 1) for k = 1.

Hence (2.23) is true for k = 1. To use mathematical induction,we assume that

EK2k0+1
n ≤ nk0+

1
2

∏k0−1
i=0 (2k0 − 2i+ 1) is true for k0 ∈ N. Therefore, by (2.21),

EK2k0+3
n ≤ n(2k0 + 3)EK2k0+1

n

≤ n(2k0 + 3)nk0+
1
2

k0−1∏
i=0

(2k0 − 2i+ 1)

= nk0+
3
2

k0∏
i=0

(2k0 − 2i+ 3).

By Mathematical Induction, we have (2.23).

By (2.22) and (2.23), we get

EKk
n ≤ n

k
2

⌊ k
2
⌋−1∏

i=0

(k − 2i) for k ≥ 2. (2.24)

Hence,

EW k ≤
⌊ k
2
⌋−1∏

i=0

(k − 2i) for k = 2, 3, 4, . . . .

2.2 Non-uniform concentration inequality

In this section, we use the idea of Sama-ae et al.([11], pp.6–8) to obtain the

following non-uniform concentration inequality.
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Proposition 2.4. (Non-uniform concentration inequality). For z > 0 and k ∈ N,

P

(
z < W ≤ z +

1√
n

)
≤ 2k√

nzk

[
3EW k+1 +

1

(
√
n)k

(
2

√
2

π
+

1√
n

)]
.

Proof. Let f : R → R be defined by

f(t) =


0 if t < z − 1√

n
,

(t+ 1√
n
)k(t− z + 1√

n
) if z − 1√

n
≤ t ≤ z + 1√

n
,

2√
n
(t+ 1√

n
)k if t > z + 1√

n
.

Then

f ′(t) ≥

zk if z − 1√
n
< t < z + 1√

n
,

0 if t < z − 1√
n

or t > z + 1√
n
.

We can follow the argument of Sama-ae et al. ([11], p.7) to show that

P

(
z < W ≤ z +

1√
n

)
≤ 1

zk

(
2E[Wf(W )] +

1√
n
E[f(W )]

)
.

Note that,

|E[Wf(W )]| ≤ 2√
n

∣∣∣∣∣EW

(
W +

1√
n

)k
∣∣∣∣∣

≤ 2k√
n
EW

(
W k +

1

(
√
n)

k

)

=
2k√
n

(
EW k+1 +

1

(
√
n)k

EW

)
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and

|E[f(W )]| ≤ 2√
n

∣∣∣∣∣E
(
W +

1√
n

)k
∣∣∣∣∣

≤ 2k√
n
E

(
W k +

1

(
√
n)

k

)

=
2k√
n

(
EW k +

1

(
√
n)k

)
.

By (2.11),

1√
n
EW k =

1

(
√
n)k+1

EKk
n ≤ 1

(
√
n)k+1

EKk+1
n = EW k+1.

This implies

|E[f(W )]| ≤ 2k
(
EW k+1 +

1

(
√
n)k+1

)
.

Hence, by (2.4),

P

(
z < W ≤ z +

1√
n

)
≤ 1

zk

[
2k+1

√
n

(
EW k+1 +

1

(
√
n)k

EW

)
+

2k√
n

(
EW k+1 +

1

(
√
n)k+1

)]
≤ 2k√

nzk

[
2EW k+1 +

2

(
√
n)k

√
2

π
+ EW k+1 +

1

(
√
n)k+1

]

=
2k√
nzk

[
3EW k+1 +

1

(
√
n)k

(
2

√
2

π
+

1√
n

)]
.

2.3 Non–uniform bounds

Stein’s method of obtaining the bound in the normal approximation for depen-

dent random variables was investigated by Stein ([12]). Stein’s technique is free of

Fourier technique and relied instead on the differential equation. It was first de-
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veloped to the Poisson approximation by Chen ([2]). Nowadays, the method were

developed on other distributions (see [1], [3], [6], [7], [8], [9], [10] for examples). In

2015, Döbler ([4]) applied Stein’s method in order to approximate to distribution of

Kn by half-normal distribution. He gave Stein’s equation for standard half-normal

approximaton,

f ′(x)− xf(x) = h(x)−H(z) (2.25)

where f and h are a continuous, piecewise differentiable functions on [0,∞). Let

z ≥ 0 and define hz : [0,∞) → R by

hz(x) =

 1 if 0 ≤ x ≤ z,

0 if x > z.

Then the solution of equation (2.25) is fz : [0,∞) → R given by

fz(x) =


√
2πe

x2

2 (1− Φ(z))(2Φ(x)− 1) if x ≤ z,
√
2πe

x2

2 (1− Φ(x))(2Φ(z)− 1) if x > z.
(2.26)

We see that fz is not differentiable at x = z, then we define derivative of fz at

x = z from (2.25).

Hence,

f ′
z(z) = z

√
2πe

z2

2 (1− Φ(z))(2Φ(z)− 1) + 2(1− Φ(z)).

and

|f ′
z(x)| ≤ 1 for all x ≥ 0 ([4], p.177). (2.27)

From (2.25), for any random variable W , we get

E(f ′
z(W ))− E(Wfz(W )) = P (W ≤ z)−H(z).
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This implies that, we can bound |E(f ′
z(W )) − E(Wfz(W ))| instead of |P (W ≤

z) − H(z)|. We call this technique Stein’s method. In this section, we give a

non–uniform bound for Kn. From now on, we use f to represent fz.

Theorem 2.5. Let W =
Kn√
n

and n be an even positive integer such that n ≥ 4.

For z ≥ 1 and k ∈ N, we have∣∣∣∣P (Kn√
n
≤ z

)
−H(z)

∣∣∣∣
≤ 1√

n

[
2.0918

e
7z2

32

+
0.8946

ze
z2

2

+
2.0958

zk
+

1

zk

(
2.9166

(
4

3

)k

+ 3 · 2k
)
EW k+1

]
.

Proof. Let k ∈ N. Döbler [4] and Sama-ae et al. [11] used Stein’s method to show

that

|P (W ≤ z)−H(z)| ≤ |A1|+ |A2|+ |A3| (2.28)

where

|A1| ≤
∣∣∣∣E [W (

f(W )− f(W − 1√
n
)

)]∣∣∣∣+ ∣∣∣∣ 1√
n
E[f(W )]

∣∣∣∣ ([4], p.179), (2.29)

|A2| ≤
√
n

∣∣∣∣∣E
[∫ W

W− 1√
n

∫ W

t

(f(s) + sf ′(s))dsdt

]∣∣∣∣∣ ([11], p.9, [4], p.179), (2.30)

|A3| ≤ P (z < W ≤ z +
1√
n
) ([11], p.11, [4], p.179). (2.31)

By Proposition 2.4,

|A3| ≤
2k√
nzk

[
3EW k+1 +

1

(
√
n)k

(
2

√
2

π
+

1√
n

)]
. (2.32)

Next, we will bound |A1|. Sama-ae. et al. ([11], p.8) showed that

f ′(x) ≤ 3

4e
7z2

32

+

√
2

z
√
πe

z2

2

for x <
3z

4
. (2.33)
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By (2.27) and (2.33),∣∣∣∣E [W (
f(W )− f(W − 1√

n
)

)]∣∣∣∣
≤ EW

∫ W

W− 1√
n

|f ′(t)|dt

= EW

[∫ W

W− 1√
n

|f ′(t)|I(W <
3z

4
)dt

]
+ EW

[∫ W

W− 1√
n

|f ′(t)|I(W ≥ 3z

4
)dt

]

≤ 1√
n

[(
3

4e
7z2

32

+

√
2

z
√
πe

z2

2

)
EW + EW I(W ≥ 3z

4
)

]

≤ 1√
n

[(
3

4e
7z2

32

+

√
2

z
√
πe

z2

2

)√
2

π
+ EW I(W ≥ 3z

4
)

]
(2.34)

where we have used (2.4) in the last inequality.

Note that,

P (W ≥ 3z

4
) ≤

(
4

3

)k+1
EW k+1

zk+1
(2.35)

and

EW I(W ≥ 3z

4
) ≤ (EW k+1)

1
k+1

(
P (W ≥ 3z

4
)

) k
k+1

≤ 1

zk

(
4

3

)k

EW k+1. (2.36)

From Sama-ae et al. ([11], p.4), we have

E|f(W )| ≤ 1

ze
7z2

32

+
1

z
P

(
W ≥ 3z

4

)
. (2.37)

From (2.29), (2.34), (2.35), (2.36) and (2.37),

|A1| ≤
1√
n

[
1

ze
7z2

32

+

(
3

4e
7z2

32

+

√
2

z
√
πe

z2

2

)√
2

π
+

1

zk

(
4

3

)k

EW k+1

(
4

3z2
+ 1

)]
.

(2.38)
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To bound |A2|, Sama-ae et al.([11], pp.9-10) wrote A2 in the form of∣∣∣∣∣E
[∫ W

W− 1√
n

∫ W

t

(f(s) + sf ′(s))dsdt

]∣∣∣∣∣ ≤ |A21|+ |A22|+ |A23| (2.39)

where

A21 :=
1

2nze
7z2

32

([11], pp.9− 10),

A22 := E

[∫ W

W− 1√
n

∫ W

t

|sf ′(s)|I(W <
3z

4
)dsdt

]
([11], pp.9− 10),

A23 :=
1

2n

[
1

z
P (W ≥ 3z

4
) + EW I(W ≥ 3z

4
)

]
([11], pp.9− 10).

Using (2.4) and (2.33), we have

|A22| ≤

(
3

4e
7z2

32

+

√
2

z
√
πe

z2

2

)
E

[∫ W

W− 1√
n

∫ W

t

max{ 1√
n
,W}I(W <

3z

4
)dsdt

]

≤ 1

2

(
3

4e
7z2

32

+

√
2

z
√
πe

z2

2

)(
1

n
√
n
+

1

n

√
2

π

)
. (2.40)

Thus by (2.35) and (2.36), it follows that

|A23| ≤
1

2n

[
1

z

(
4

3

)k+1
EW k+1

zk+1
+

1

zk

(
4

3

)k

EW k+1

]

≤ 1

2nzk

(
4

3

)k

EW k+1

(
4

3z2
+ 1

)
. (2.41)

Therefore, by (2.30), (2.39), (2.40) and (2.41), we conclude

|A2|

≤ 1

2n

[
1

ze
7z2

32

+

(
3

4e
7z2

32

+

√
2

z
√
πe

z2

2

)(
1√
n
+

√
2

π

)
+

1

zk

(
4

3

)k

EW k+1

(
4

3z2
+ 1

)]
.

(2.42)
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For n ≥ 4 and z ≥ 1, by (2.32), (2.38), (2.42), we get that

|A1| ≤
1√
n

(
1.5984

e
7z2

32

+
0.6366

ze
z2

2

+
2.3333

zk

(
4

3

)k

EW k+1

)
,

|A2| ≤
1√
n

(
0.4934

e
7z2

32

+
0.2589

ze
z2

2

+
0.5833

zk

(
4

3

)k

EW k+1

)
,

|A3| ≤
1√
n

(
3

(
2

z

)k

EW k+1 +
2.0958

zk

)
.

By (2.28),∣∣∣∣P (Kn√
n
≤ z

)
−H(z)

∣∣∣∣
≤ 1√

n

[
2.0918

e
7z2

32

+
0.8946

ze
z2

2

+
2.0958

zk
+

1

zk

(
2.9166

(
4

3

)k

+ 3 · 2k
)
EW k+1

]
.



CHAPTER III

BOUNDS IN ASYMMETRIC CASE

In chapter II, we consider the number of returns to the origin, Kn, in case of

symmetric random walk, p = 1
2
. In this case we know that the distribution of Kn

converge in distribution to half-normal distribution. In this chapter we investigate

an asymmetric random walk. Let (Xn) be independent identically distributed

random variables such that P (Xn = 1) = p = 1 − P (Xn = 0) for p ̸= 1

2
and

Sn =
n∑

i=1

Xi. Let

Kn,p = |{k ∈ N|1 ≤ k ≤ n and Sk = 0}|

be the number of returns to the origin. Note that Kn, 1
2
= Kn. For asymmetric

case, we will show that the distribution of
Kn,p√

n
does not converge in distribution

to half-normal distribution. We organize this chapter as follows. The distribution

of Kn,p is in section 3.1 while the bounds for P (Kn,p = r) are in section 3.2. In

section 3.3 we show that the distribution of Kn,p does not converge to half normal

distribution.

3.1 Distribution of Kn,p

Let n = 2m and r ∈ {0, 1, . . . ,m}. In this section, we give distribution of Kn,p.
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Theorem 3.1. Let n = 2m, r = 1, 2, . . . ,m and q = 1− p.

(i) P (Kn,p = 0) = u2m,

(ii) P (Kn,p = r)

= 2r
m−r−1∑
l=0

r

r + 2l

(
r + 2l

r + l

)
(pq)r+lu2(m−r−l) +

r

2m− r

(
2m− r

m

)
2r(pq)m

where

u2l =
l−1∑
k=0

[(
2l − 1

l + k

)
−
(

2l − 1

l + k + 1

)]
(pq)l−k−1(p2k+2 + q2k+2)

and

(
s

t

)
= 0 for t > s.

Proof. Let l = r, r + 1, . . . ,m,

ρr,2l be the probability that the rth return occurs at step 2l and

u2l be the probability that no return occurs on 2l steps, i.e.,

u2l = P (S1 ̸= 0, . . . , S2l ̸= 0).

Hence ρr,2lu2m−2l is the probability that rth return occurs at step 2l and does not

occur at origin in the remaining 2m− 2l steps. This implies

P (Kn,p = r) =
m−r−1∑
l=0

ρr,2r+2lu2m−2r−2l + ρr,2m. (3.1)

Feller showed that

ρr,2l =
r

2l − r

(
2l − r

l

)
2r(pq)l for l = r, r + 1, . . . ,m and ρ0,0 = 1 ([5], p.275)

(3.2)
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and

P (S1 > 0, . . . , S2l > 0) =
l∑

k=1

P (S1 > 0, . . . , S2l−1 > 0, S2l = 2k) ([5], p.77)

with the number of paths satisfying the condition indicated on the right side equals

(
2l − 1

l + k − 1

)
−
(
2l − 1

l + k

)
([5], p.73),

and we can see that the probability of each number in these paths equals pl+kql−k.

Therefore,

P (S1 > 0, . . . , S2l > 0)

=

[(
2l − 1

l

)
−
(
2l − 1

l + 1

)]
pl+1ql−1 +

[(
2l − 1

2l + 1

)
−
(
2l − 1

l + 2

)]
pl+2ql−2

+ . . .+

[(
2l − 1

2l − 1

)
−
(
2l − 1

2l

)]
p2lq0

=
l−1∑
k=0

[(
2l − 1

l + k

)
−
(

2l − 1

l + k + 1

)]
pl+k+1ql−k−1. (3.3)

Similarly, we get that

P (S1 < 0, . . . , S2l < 0) =
l−1∑
k=0

[(
2l − 1

l + k

)
−
(

2l − 1

l + k + 1

)]
pl−k−1ql+k+1. (3.4)

Thus, by (3.3) and (3.4),

u2l = P (S1 ̸= 0, . . . , S2l ̸= 0)

= P (S1 > 0, . . . , S2l > 0) + P (S1 < 0, . . . , S2l < 0)

=
l−1∑
k=0

[(
2l − 1

l + k

)
−
(

2l − 1

l + k + 1

)]
pl+k+1ql−k−1

+
l−1∑
k=0

[(
2l − 1

l + k

)
−
(

2l − 1

l + k + 1

)]
pl−k−1ql+k+1
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=
l−1∑
k=0

[(
2l − 1

l + k

)
−
(

2l − 1

l + k + 1

)]
(pq)l−k−1(p2k+2 + q2k+2). (3.5)

By (3.1), (3.2) and (3.5), we have Theorem 3.1.

3.2 Approximation of P (Kn,p = r)

In this section, we give the bounds of P (Kn,p = r). Theorem 3.2 and Theorem

3.3 are our results.

Theorem 3.2. Let n = 2m, r = 1, 2, . . . ,m and q = 1− p.

|P (Kn,p = 0)− |p− q|| ≤ △n,p

where

△n,p =
1√
2πm

(
p

q
+

q

p

)
(4pq)m.

Proof. First, we will prove theorem in case of p ≥ q. By Theorem 3.1, we have

u2l = (pq)l
(
p

q

)
A+ (pq)l

(
q

p

)
B for l = 1, 2, . . . ,m (3.6)

where

A =
l−1∑
k=0

[(
2l − 1

l + k

)
−
(

2l − 1

l + k + 1

)](
p

q

)k

,

B =
l−1∑
k=0

[(
2l − 1

l + k

)
−
(

2l − 1

l + k + 1

)](
q

p

)k

.
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Therefore,

A =

[(
2l − 1

l

)
−
(
2l − 1

l + 1

)](
p

q

)0

+

[(
2l − 1

l + 1

)
−
(
2l − 1

l + 2

)](
p

q

)1

+ . . .+

[(
2l − 1

2l − 2

)
−
(
2l − 1

2l − 1

)](
p

q

)l−2

+

(
2l − 1

2l − 1

)(
p

q

)l−1

=

(
2l − 1

l

)(
p

q

)0

+

(
2l − 1

l + 1

)(
p

q
− 1

)(
p

q

)0

+

(
2l − 1

l + 2

)(
p

q
− 1

)(
p

q

)1

+ . . .+

(
2l − 1

2l − 1

)(
p

q
− 1

)(
p

q

)l−2

=

(
2l − 1

l

)(
p

q

)0

+

(
p

q
− 1

) l−1∑
k=1

(
2l − 1

l + k

)(
p

q

)k−1

=

(
2l − 1

l

)
+

(
p

q
− 1

)(
q

p

)l+1 l−1∑
k=1

(
2l − 1

l + k

)(
p

q

)l+k

. (3.7)

Since,

l−1∑
k=1

(
2l − 1

l + k

)(
p

q

)l+k

=
2l−1∑
k=0

(
2l − 1

k

)(
p

q

)k

−
l∑

k=0

(
2l − 1

k

)(
p

q

)k

≤
2l−1∑
k=0

(
2l − 1

k

)(
p

q

)k

=

(
1 +

p

q

)2l−1

=

(
1

q

)2l−1

,

so we get

A ≤
(
2l − 1

l

)
+

(
p

q
− 1

)(
q

p

)l+1(
1

q

)2l−1

=

(
2l − 1

l

)
+

q

p
(p− q)

(
1

pq

)l

. (3.8)
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Since 0 ≤ q

p
≤ 1,

B ≤
l−1∑
k=0

[(
2l − 1

l + k

)
−
(

2l − 1

l + k + 1

)]
=

(
2l − 1

l

)
. (3.9)

From (3.6), (3.8), (3.9) and the fact that

(
2l − 1

l

)
=

1

2

(
2l

l

)
,

so we get

u2l ≤ (pq)l
(
p

q

)(
2l − 1

l

)
+ (pq)l

(
p

q

)
q

p
(p− q)

(
1

pq

)l

+ (pq)l
(
q

p

)(
2l − 1

l

)
= (pq)l

(
2l − 1

l

)(
p

q
+

q

p

)
+ (p− q)

=
1

2
(pq)l

(
2l

l

)(
p

q
+

q

p

)
+ (p− q) . (3.10)

By Stirling’s formula ([5], p.54):

√
2πll+

1
2 e−le

1
12l+1 ≤ l! ≤

√
2πll+

1
2 e−le

1
12l , (3.11)

we have

(
2l

l

)
=

(2l)!

l!l!

≤
√
2π(2l)2l+

1
2 e−2le

1
24l

2πll+
1
2 e−le

1
12l+1 ll+

1
2 e−le

1
12l+1

=
4l√
πl

e
1

24l
− 2

12l+1

≤ 4l√
πl
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where we have used the fact that
1

24l
≤ 2

12l + 1
in the last inequality.

By (3.10) and this fact, we get

u2l ≤ (p− q) +
1

2
√
πl

(
p

q
+

q

p

)
(4pq)l

≤ (p− q) +
1√
2πl

(
p

q
+

q

p

)
(4pq)l

= (p− q) +△2l,p. (3.12)

By (3.7), we get that

A ≥
(
p

q
− 1

)(
q

p

)l+1 l−1∑
k=1

(
2l − 1

l + k

)(
p

q

)l+k

=

(
p

q
− 1

)(
q

p

)l+1
[
2l−1∑
k=0

(
2l − 1

k

)(
p

q

)k

−
l∑

k=0

(
2l − 1

k

)(
p

q

)k
]

=

(
p

q
− 1

)(
q

p

)l+1
[(

1 +
p

q

)2l−1

−
l∑

k=0

(
2l − 1

k

)(
p

q

)k
]
.

Since

(
2l − 1

k

)
≤
(
2l − 1

l

)
for k = 0, 1, . . . , l ([4], p.181), (3.13)

so we get

A ≥
(
p

q
− 1

)(
q

p

)l+1
[(

1 +
p

q

)2l−1

−
l∑

k=0

(
2l − 1

l

)(
p

q

)k
]

=

(
p

q
− 1

)(
q

p

)l+1

(1

q

)2l−1

−
(
2l − 1

l

)(p
q

)l+1

− 1(
p
q

)
− 1


=

(
p− q

q

)(
q

p

)l+1
[(

1

q

)2l−1

−
(
2l − 1

l

)(
q

p− q

)((
p

q

)l+1

− 1

)]
. (3.14)
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By (3.13),

B ≥ 0. (3.15)

By (3.6), (3.14), (3.15) and the fact that

(
2l − v

l

)
≤ 22l−v

√
2√

πl
for v = 1, 2, . . . , l (3.16)

([4], p. 181),

u2l ≥ (pq)l
(
p

q

)(
p− q

q

)(
q

p

)l+1
[(

1

q

)2l−1

− 22l−1
√
2√

πl

(
q

p− q

)((
p

q

)l+1

− 1

)]

= (p− q)− q2l
22l−1

√
2√

πl

((
p

q

)l+1

− 1

)

≥ (p− q)− q2l
22l−1

√
2√

πl

(
p

q

)l(
p

q
− 1

)
= (p− q)− 1√

2πl

(
p

q
− 1

)
(4pq)l

≥ (p− q)− 1√
2πl

(
p

q
+

q

p

)
(4pq)l

= (p− q)−△2l,p. (3.17)

By (3.12) and (3.17), we follow that

|u2l − (p− q)| ≤ △2l,p for l = 1, 2, . . . ,m. (3.18)

Similarly, if p < q, we can get that

|u2l − (q − p)| ≤ △2l,p for l = 1, 2, . . . ,m. (3.19)

Hence, by (3.18) and (3.19),

|u2l − |p− q|| ≤ △2l,p for l = 1, 2, . . . ,m. (3.20)
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By Theorem 3.1 (i), we get that

|P (Kn,p = 0)− |p− q|| ≤ △n,p.

Theorem 3.3. Let n = 2m, r = 1, 2, . . . ,m and q = 1− p.

|P (Kn,p = r)− (2pq)r(p− q)| ≤ △n,p,r

where

△n,p,r =

√
2 (p− q)√

πr(1− 4pq)
(4pq)r +

( √
2√
πm

+
1

π

(
p

q
+

q

p

)
m− r√

r

)
(4pq)m.

Proof. By Theorem 3.1 (ii) and (3.12),

P (Kn,p = r)

= 2r
m−r−1∑
l=0

r

r + 2l

(
r + 2l

r + l

)
(pq)r+lu2(m−r−l) +

r

2m− r

(
2m− r

m

)
2r(pq)m

≤ 2r
m−r−1∑
l=0

r

r + 2l

(
r + 2l

r + l

)
(pq)r+l

(
1√

2π(m− r − l)

(
p

q
+

q

p

)
(4pq)m−r−l + (p− q)

)

+
r

2m− r

(
2m− r

m

)
2r(pq)m

= 2r
m−r−1∑
l=0

r

r + 2l

(
r + 2l

r + l

)
(pq)r+l

(
1√

2π(m− r − l)

(
p

q
+

q

p

)
(4pq)m−r−l

)

+ 2r
m−r−1∑
l=0

r

r + 2l

(
r + 2l

r + l

)
(pq)r+l (p− q) +

r

2m− r

(
2m− r

m

)
2r(pq)m

= A1 + A2 + A3 (3.21)
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where

A1 = 2r
m−r−1∑
l=0

r

r + 2l

(
r + 2l

r + l

)
(pq)r+l

(
1√

2π(m− r − l)

(
p

q
+

q

p

)
(4pq)m−r−l

)
,

A2 = 2r
m−r−1∑
l=0

r

r + 2l

(
r + 2l

r + l

)
(pq)r+l (p− q) ,

A3 =
r

2m− r

(
2m− r

m

)
2r(pq)m.

By (3.16), we have

A1 ≤ 2r
(
p

q
+

q

p

)m−r−1∑
l=0

r

r + 2l

2r+2l
√
2√

π(r + l)
(pq)r+l 1√

2π(m− r − l)
(4pq)m−r−l

=
1

π

(
p

q
+

q

p

)
(4pq)m

m−r−1∑
l=0

r

(r + 2l)
√

(r + l)(m− r − l)

≤ 1

π

(
p

q
+

q

p

)
(4pq)m

m−r−1∑
l=0

r

(r + 2l)
√
r + l

≤ 1

π

(
p

q
+

q

p

)
(4pq)m

m−r−1∑
l=0

r

r
√
r

=
1

π

(
p

q
+

q

p

)
(4pq)m

m− r√
r

. (3.22)

By (3.16), we get

A2 = (2pq)r(p− q) + 2r
m−r−1∑
l=1

r

r + 2l

(
r + 2l

r + l

)
(pq)r+l (p− q)

≤ (2pq)r(p− q) + 2r
m−r−1∑
l=1

r

r + 2l

2r+2l
√
2√

π(r + l)
(pq)r+l (p− q)

= (2pq)r(p− q) +

√
2r(4pq)r√

π
(p− q)

m−r−1∑
l=1

1

(r + 2l)
√
r + l

(4pq)l

≤ (2pq)r(p− q) +

√
2r(4pq)r(p− q)√

π

m−r−1∑
l=1

1

r
√
r
(4pq)l

= (2pq)r(p− q) +

√
2(4pq)r(p− q)√

πr

m−r−1∑
l=1

(4pq)l
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≤ (2pq)r(p− q) +

√
2(4pq)r(p− q)√

πr

1

1− 4pq
. (3.23)

We next estimate A3, by (3.16), we obtain

A3 ≤
r

2m− r

22m−r
√
2√

πm
2r(pq)m

=
r

2m− r

√
2√
πm

(4pq)m

≤
√
2√
πm

(4pq)m. (3.24)

Hence, by (3.21), (3.22), (3.23) and (3.24),

P (Kn,p = r)

≤ 1

π

(
p

q
+

q

p

)
m− r√

r
(4pq)m + (2pq)r(p− q) +

√
2(4pq)r(p− q)√

πr

1

1− 4pq

+

√
2√
πm

(4pq)m

= (2pq)r(p− q) +

√
2 (p− q)√

πr(1− 4pq)
(4pq)r +

( √
2√
πm

+
1

π

(
p

q
+

q

p

)
m− r√

r

)
(4pq)m.

(3.25)

By Theorem 3.1 (ii) and (3.17),

P (Kn,p = r)

≥ 2r
m−r−1∑
l=0

r

r + 2l

(
r + 2l

r + l

)
(pq)r+l

(
p− q − 1√

2π(m− r − l)

(
p

q
+

q

p

)
(4pq)m−r−l

)

= (2pq)r(p− q)− 1

2r
√

2π(m− r)

(
p

q
+

q

p

)
(4pq)m

+ 2r
m−r−1∑
l=1

r

r + 2l

(
r + 2l

r + l

)
(pq)r+l

(
p− q − 1√

2π(m− r − l)

(
p

q
+

q

p

)
(4pq)m−r−l

)

≥ (2pq)r(p− q)− 1

2r
√

2π(m− r)

(
p

q
+

q

p

)
(4pq)m
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≥ (2pq)r(p− q)−
√
2 (p− q)√

πr(1− 4pq)
(4pq)r −

( √
2√
πm

+
1

π

(
p

q
+

q

p

)
m− r√

r

)
(4pq)m.

(3.26)

By (3.25) and (3.26), we get that

|P (Kn,p = r)− (2pq)r(p− q)| ≤ △n,p,r

where

△n,p,r =

√
2 (p− q)√

πr(1− 4pq)
(4pq)r +

( √
2√
πm

+
1

π

(
p

q
+

q

p

)
m− r√

r

)
(4pq)m.

3.3 Convergence to Half-normal Distribution

In case of symmetric, i.e., p = q = 1
2
, we know from [4] that

P

(
Kn,p√

n
≤ z

)
→ H(z) for z ≥ 0

where H is a half-normal distribution defined by

H(z) = 2Φ(z)− 1.

In this section we will show that
Kn,p√

n
does not converge in distribution to H

in case of asymmetric, i.e., p ̸= q.

Theorem 3.4. P

(
Kn,p√

n
≤ 0

)
does not converge to H(0) for p ̸= 1

2
.

Proof. Since H(0) = 2Φ(0)− 1 = 0,∣∣∣∣P (Kn,p√
n

≤ 0

)
−H(0)

∣∣∣∣ = P (Kn,p = 0) ≥ |p− q| − △n,p

where △n,p be defined in Theorem 3.2.
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If P

(
Kn,p√

n
≤ z

)
→ H(0), then

0 < |p− q| ≤ lim
n→∞

∣∣∣∣P (Kn,p√
n

≤ 0

)
−H(0)

∣∣∣∣+ lim
n→∞

△n,p = 0

with is a contradiction.

Hence, P

(
Kn,p√

n
≤ 0

)
does not converge to H(0) for p ̸= 1

2
.

Theorem 3.5. For z > 0, P

(
Kn,p√

n
≤ z

)
does not converge to H(z) for p > Φ(z)

or p < 1− Φ(z).

Proof. Note that

P

(
Kn,p√

n
≤ z

)
−H(z) ≥ P (Kn,p = 0)−H(z)

≥ |p− q| −H(z)−△n,p

= |2p− 1| − (2Φ(z)− 1)−△n,p

where △n,p be defined in Theorem 3.2 and

|2p− 1| − (2Φ(z)− 1) > 0 ⇐⇒ |2p− 1| > 2Φ(z)− 1

⇐⇒ 2p− 1 > 2Φ(z)− 1 or 2p− 1 < 1− 2Φ(z)

⇐⇒ p > Φ(z) or p < 1− Φ(z).

Let p be such that p > Φ(z) or p < 1− Φ(z).

Suppose that lim
n→∞

P

(
Kn,p√

n
≤ z

)
= H(z).

Hence,

0 < |2p− 1| −H(z) ≤ lim
n→∞

∣∣∣∣P (Kn,p√
n

≤ z

)
−H(z)

∣∣∣∣+ lim
n→∞

△n,p = 0

which is contradiction. Then we conclude that P

(
Kn,p√

n
≤ z

)
does not converge

to H(z) for p > Φ(z) or p < 1− Φ(z).



CHAPTER IV

FUTURE RESEARCH

In this thesis, we investigate the statistic of random walk in 2 directions.

I) Find a non-uniform bound in half-normal approximation H for the number of

return to the origin (Kn) in case of symmetric, i.e., p = 1
2
.

II) We find the probability mass function of Kn,p in case of asymmetric random

walk and give its bound and show that the distribution of Kn,p does not converge

to H(z).

This work can be extended to other statistics, that is, the maximum value (Mn)

and the number of sign changes (Cn) defined by

Mn = max
0≤k≤n

Sk,

Cn = C2m+1 = |{1 ≤ k ≤ 2m : Sk−1 · Sk+1 = −1}|

respectively.

We suggest 2 directions of future research.

Direction 1. we may investigate the non-uniform bound of Mn and Cn in case of

symmetric random walk.

In our work, we gave the non-uniform bound of Kn in case of symmetric. The

important tool is we have to bound EKk
n by positive constant (depends on k). In

order to be find this, we need the following lemma.

Lemma 4.1. For all g : [−1,m] ∩ Z → R such that g(−1) = 0,

E [(2m−Kn + 1)(g(Kn)− g(Kn − 1))− (Kn + 1)g(Kn)] = 0.

To give the non-uniform bounds of Mn and Cn, one can use our idea with
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following lemmas.

Lemma 4.2. For all g : [−1,m] ∩ Z → R such that g(−1) = 0,

E [(m+Mn)(g(Mn)− g(Mn − 1))− 2Mng(Mn)] = 0.

Lemma 4.3. For all g : [−1,m] ∩ Z → R such that g(−1) = 0,

E [(m+ 1 + Cn)(g(Cn)− g(Cn − 1))− 2(Cn + 1)g(Cn)] = 0.

Direction 2. We can follow argument in chapter III to show that the distribution

of Mn and Cn do not converge to half-normal distribution in case of asymmetric

random walk.
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