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APPENDIX
MERTON (1987)’S INCOM PLETE INFORM ATION M ODEL

M e r t o n  h a s  d e r i v e d  a  t w o - p e r i o d  m o d e l  o f  c a p i t a l  m a r k e t  e q u i l i b r i u m  i n  a n  

e n v i r o n m e n t  w h e r e  e a c h  i n v e s t o r  k n o w s  o n l y  a b o u t  a  s u b s e t  o f  t h e  a v a i l a b l e  s e c u r i t i e s  

b y  s t a r t i n g  w i t h

A. The individual investor optimal demands ะ

( 1 )  C k - I k C u k  +  a k Y  +  S k E k )

w h e r e  C k  s t a n d s  f o r  e n d - o f - p e r i o d  c a s h  f l o w
Ik  d e n o t e s  t h e  a m o u n t  o f  p h y s i c a l  i n v e s t m e n t  i n  f i r m  k  

P k , a k , S k a r e  p a r a m e t e r s  o f  f i r m  k ’ s  p r o d u c t i o n  t e c h n o l o g y  
Y  d e n o t e s  a  r a n d o m  v a r i a b l e  c o m m o n  f a c t o r  w i t h

E ( Y )  =  0  , E ( Y 2)  =  1 a n d  E ( e k)  =  E ( 8k/  8 i ......รท, Y )  =  0
k  =  1 ,  . . . , n

L e t  V k  d e n o t e  t h e  e q u i l i b r i u m  v a l u e  o f  f i r m  k  a t  t h e  b e g i n n i n g  o f  t h e  p e r i o d  

R k  =  C k /  V k  =  I k P k / V  k +  a k I Y / V k  +  S k lk G k /V  k

( 2 )  R k  =  R k +  b kY  +  a kSk

w h e r e  R k  =  E ( R k )  =  I k P k /V k  
b k  =  a k I /V ;k  
<5k =  S k lk /V k

( 3 )  T h e r e  a r e  t w o  o t h e r  t r a d e d  s e c u r i t i e s  : a  r i s k l e s s  s e c u r i t y  w i t h  s u r e  r e t u r n  p e r  
d o l l a r  R  ( R n + 2)  a n d  a  s e c u r i t y  t h a t  c o m b i n e s  t h e  r i s k l e s s  s e c u r i t y  a n d  a  
f o r w a r d  c o n t r a c t  w i t h  c a s h  s e t t l e m e n t  o n  t h e  o b s e r v e d  f a c t o r  i n d e x  Y  ( R n + i ) ,  
a n d  a s s u m e  t h a t  b o t h  a r e  i n s i d e  s e c u r i t i e s .

Rn+1 = Rn+1 + Y
( 4 )  T h e  u t i l i t y  f u n c t i o n  o f  i n v e s t o r  j  i s  r e p r e s e n t e d  a s  ะ

U j  =  E ( R j W j )  -  ร  V a r  ( R j W j ) / 2 W j

w h e r e  พ '  d e n o t e s  t h e  v a l u e  o f  h i s  i n i t i a l  e n d o w m e n t  o f  s h a r e s  i n  t h e  f i r m s  
e v a l u a t e d  a t  e q u i l i b r i u m  p r i c e s  

R j  d e n o t e s  t h e  r e t u r n  p e r  d o l l a r  i n  h i s  p o r t f o l i o
5 > 0
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P o r t f o l i o  r e t u r n  o f  i n v e s t o r  j  ะ
ก

Rj = z  WkRk + Wn+lRn+1
k=l

S u b s t i t u t i n g  ( 2 ) ,  w e  g e t

(5) Rj = Zk" Wk (Rk + bkY + CTkek) + Wn+iRn+i + Wn+| Y
= (Zk" WkRk + พ n+1 Rn+1 ) + (Zkn Wkbk + Win+l)Y + (Zk" Wk<TkSk)
=  R j +  b iY  +  <rie i

w h e r e  ( 5 . 1 )  b '  =  Zk" พ jkbk +  Wn+l
( 5 . 2 )  ๙ 2 =  Zk" ( w ' o V i c  => a j =  V  (Zkn ( W k )  V k )
( 5 . 3 )  พ่  -  Z k"  W ika kE k /c r i

A n  e x p e c t e d  r e t u r n  o n  t h e  p o r t f o l i o  o f  i n v e s t o r  j

Rj = พท+2 R + Zkn+lWjk Rk 
R e p l a c e  W n+2 =  1 -  Zk"+1 Wk

RJ = R-Zk"+1 Wk R + z r 1 Wk Rk 
= R - Zk Wk R -  Wn+l R + Zk" Wk Rk + Wn+l Rn+1

F r o m  ( 5 . 1 ) ,  r e p l a c e  W n + ^ b *  - Z k " w j k b k

Rj = R - Zk" Wk R -  (b* - Zk" Wkbk)R + Zk" Wk Rk + (b* - Zk" Wkbk)Rn+i

R e a r r a n g i n g

(6.b) Rj = R  + bi (Rn+1 - R) - Zk" Wk R + Zk" WkbkR + Zk" WkRk - Zk" WkbkRn+i 
= R + b>(Rn.., - R) + Zk" Wk (Rk-R-bk(Rn+. -  R)
=  R  +  b i( R n+ 1 - R )  +  Zk"WkAk 
w h e r e  A k =  R k -  R  -  b k( R n+i -  R )

F r o m  ( 5 ) ,  V a r i a n c e  o f  P o r t f o l i o  j
V a r ( R j )  =  V a r  (b > Y  +  ๙ / )  =  ( l ÿ ) 2V a r  ( Y )  +  ( ๙ ) 2V a r  ( 8j )
V a r  ( Y )  =  V a r ( e ’)  =  1

(6.a )  .-. V a r ( R ’)  =  ( b 1)2 +  ( ๙ )2 =  (พ)2 +  Zk" (W k)Vk

( 7 )  T h e  o p t i m a l  p o r t f o l i o  c h o i c e  f o r  t h e  i n v e s t o r

M a x  (bj , พ) Z  = ( ฟ -  ( ô i / 2 ) V a r ( R J)  - Zk" XW k
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w h e r e  X.Jk i s  t h e  K u h n - T u c k e r  m u l t i p l i e r  t h a t  r e f l e c t s  t h e  c o n s t r a i n t  t h a t  
i n v e s t o r  j  c a n n o t  i n v e s t  i n  s e c u r i t y  k  i f  h e  d o e s  n o t  k n o w  a b o u t  
s e c u r i t y  k

x.jk =  0 i f  k  G Jj a n d  Wk* =  0 i f  k  G JjC, t h e  c o m p l i m e n t  t o  Jj 
f r o m  ( 6 . a )  a n d  ( 6 . b ) , t h e  1 st o r d e r  c o n d i t i o n

( 8 a )  a z / a b j  =  a  R j /  a f r  -  ( ô j / 2 )  a V a r ( R j ) /  a b j  
=  R n + 1 - R - ô j * 2 * b j / 2  
=  R n + 1 - R - ô j b j  =  0

a z / a w k =  a  R V  a w k -  ( ô j / 2 ) a v a r ( R j ) /  a w k -  a  I k "  Z - W k /  a w k = 0

c o n s i d e r  k  =  1

az/aw, -  A> - ô j * 2 * w ' i * a 2 i / 2  - X-1

( 8 b )  az/awk =  Ak - ôjwVcr2k -  x.k =  0  f o r k = l , . . . ,  ท

F r o m  ( 8a )  a n d  ( 8b ) ,

O p t i m a l  c o m m o n  f a c t o r  ะ 
( 9 a )  b* =  ( R n +1 -  R ) /  S j

O p t i m a l  p o r t f o l i o  w e i g h t s  ะ 
( 9 b )  W k  =  A k /  ôjCT2k k  G Jj (X,j k =  0 )
( 9 c )  w *k =  0 k  G Jj

( 9 d )  f r o m  ( 5 . 1 )  w 'n +1 =  b 1 -  Z k "  w ’k b k

W e  k n o w  t h a t  w V +2 =  1 -  Z k  n+1 w *k =  1 -  Z k "  w ’k -  vv’n+i

S u b s t i t u t i n g  V ^n+I f r o m ( 9 . d ) ,

( 9 e )  พ in+2 =  1 - Z k "  W k - ( b *  - Z k n w ’k b k )
=  1 -  b j  -  Z k V k  +  Z k V k b k
=  1 - ÿ  +  Z k V k ( b k - i )

F r o m  ( 8b )  a n d  ( 9 c ) ,  w e  h a v e  t h a t

( 1 0 )  F o r  k  G J jC x j k =  A k  =  R k  -  R  -  b k  ( R n +1 -  R )

F o r k c J j  x.j k = 0

S i n c e  x/k d e p e n d s  o n  o n l y  e x o g e n e o u s  v a r i a b l e s ,  x,jk i s  t h e  s a m e  f o r  a l l  
i n v e s t o r s .
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B. Aggregate demand ะ to determine equilibrium prices and equilibrium return
A s s u m i n g  ô j  =  Ô a n d  พ ’ =  พ  f o r  j  =  1 , N

( 1 1 )  F r o m  ( 9 . a )  : R n +1 =  R  +  Ô b

D e f i n e  D k  =  Z j N พ ’k W J =  t h e  a g g r e g a t e  d e m a n d  f o r  s e c u r i t y  k  

F o l l o w  f r o m  ( 9 b ) ,  ( 9 c ) ,  w e  h a v e ,

( 1 2 )  D k  =  Z j N พ ik พ j  =  N k W A k / 5 a 2k

F r o m  ( 9 d )  a n d  ( 9 e ) ,  w e  h a v e  t h a t  

D „ m - S j n  « V ,  พ 1 -  Z N พ ่พ ่ -  Z j N ร 1" » . J kพ Jb i  

( n o t e  t h a t  f r  =  b  s i n c e  i t  d e p e n d s  o n l y  o n  e x o g e n e o u s  v a r i a b l e s ,  s e e  11  )

( 1 3 )  D n +1

(14) a n d  Dn+2

N W b - Z k n b k G j N w ik W j )
N W b - Z k "  b k  D k

Z j N พ น  พ j =  Z j N [ พ j -  b ’w '  +  Z k n พ ik ( b k - l ) W j ] 

N W  -  N W b  +  Z k n ( b k - 1 )  Z j V kW j 

N W  -  N W b  +  Z k n ( b k - l ) D k  

N W - N W b  +  Z k n b k D k - Z k n D k

N W  -  (N W ^ b  -  Z k n b kD k )  -  Z k n D k  

N W  -  D n + ! -  Z k "  D k  

N W - Z k n + 1 D k

D e f i n e  Xk =  V k /  Z j N พ ^  =  V k / N W  =  V k / M  w h e r e  M  d e n o t e s  e q u i l i b r i u m  
n a t i o n a l  w e a l t h .  W e  h a v e  t h a t ,  f r o m  t h e  e q u i l i b r i u m  c o n d i t i o n  V k  =  Dk

( 1 5 )  Xk =  D k / N W  =  N k W A k /  ÔCT2k N W  =  N k/ N  *  A kÔCT2k =  q k A k/ Ô a 2k

w h e r e  q k  =  N k / N

f r o m  d e f i n i t i o n  o f  A k  i n  ( 6 . b ) ,  w e  r e w r i t e  i t  a s

R k  =  R  +  b k ( R n + i - R )  +  A k
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S u b s t i t u t i n g  R n+1 -  R  f r o m  ( 1 1 )  a n d  A j c f r o m  ( 1 5 )

T h e  e q u i l i b r i u m  e x p e c t e d  r e t u r n  o n  s e c u r i t y  k ,

( 16 )  Rk =  R  +  b kb ô  +  x k Ô a V q k  * * * * * * * * * * * *

S u b s t i t u t i n g  R k ,  b k  a n d  CTk a s  d e f i n e d  i n ( 2 )  i n t o  ( 6 ) ,  w e  h a v e  

I k P k /V k  =  R  +  ( a k I k ) / V k  *  ๖ 8  +  Xk ร  ร2k I V  q kv 2k 

M u l t i p l y i n g  V k  f o r  b o t h  s i d e s  a n d  s u b s t i t u t i n g  Xk =  V k / M  

Ik P k  -  R V k  +  a kI k  b ô  +  V k  Ô ร2k I 2k / q k M V k  

R V k  =  Ik  ( P k  -  a k b ô  -  0  ร2k I k /  q k M )

T h e  e q u i l i b r i u m  r e l a t i o n  b e t w e e n  t h e  m a r k e t  v a l u e  o f  f i r m  k  n d  t h e  
d i s t r i b u t i o n a l  c h a r a c t e r i s t i c s  o f  i t s  e n d - o f - p e r i o d  c a s h  f l o w ,  t h e  r e l a t i v e  s i z e  o f  t h e  
i n v e s t o r  a s e  w h o  k n o w  a b o u t  t h e  f i r m ,  a n d  t h e  a g g r e g a t e - e c o n o m y  v a r i a b l e s  :

( 1 7 )  V k  =  ( I k / R ) * ( P k - a k b ô - ô s 2k I k / q kM )  * * * * * * * * * * * *

c .  Effect o f incomplete information on equilibrium expected return and asset 
prices
T o  f i n d  t h e  d i f f e r e n c e  b e t w e e n  v * k  a n d  V k ,  f i r s t  w e  d e f i n e  v * k  a s  

v * k  =  ( I k / R ) * ( P k - a k b ô - ô s 2k I k / M )  ; q k = l

v * k -  V k  =  ( I k / R )  * ( P k  -  a k  b ô  -  Ô ร2k I k /  M -  P k +  a k  b ô  +  Ô ร2k I k /  q k M  

=  ( I k / R )  * { ô  ร2k I k / M  * ( 1 / q k  -  1 )}

=  ( I k / 'R )  *  { ( 1 - q k )  ô  ร2k I k / q kM }

( 1 8 )  V k  =  V * k - { ( i - q k ) ô s 2k I k / q k M R }  * * * * * * * * * * * * * *

W e  s e e  t h a t  t h e  m a r k e t  v a l u e  o f  f i r m  k  w i l l  a l w a y s  b e  l o w e r  w i t h  i n c o m p l e t e  
i n f o r m a t i o n ,  a n d  t h e  s m a l l e r  t h e  i n v e s t o r  b a s e ,  t h e  l a r g e r  t h e  d i f f e r e n c e .

D. The connection between the effect o f incomplete information on equilibrium  
asset prices and the shadow cost o f incomplete diffusion of information  
among investors
L e t  Xk =  X j N XJk  / N  =  e q u i l i b r i u m  a g g r e g a t e  s h a d o w  c o s t  ( p e r  i n v e s t o r )  f o r  

s e c u r i t y  k ,  t h e n  f o r  i n d i v i d u a l  j  w h o  d o e s  n o t  k n o w  a b o u t  k ,  Xk = Ak, o t h e r w i s e  Xk = 0. 
W e  h a v e  ะ-



( 1 9 )  x k =  I j N A.j k / N  j  e  J Cj 
=  A k ( N - N k) / N  
=  ( i - q k ) A k
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F r o m  ( 1 8 ) ,  s u b s t i t u t i n g  f r o m  ( 2 )  ะ ร2k Ik =  CT2k v 2k 5 f r o m  ( 1 5 )  : v k/  M  =  x k = >  
M = v k/ x k , a n d  f r o m  ( 1 9 )  : ( l - q k)  = X k/A k ) w e  h a v e

v k = v*k - ô (l-q k)a 2kV2k/qkMR

R e c o g n i z i n g  t h a t  ô x kCT2k/ q k =  A k ,

v k = v * k - A k X kV k / A kR  

v \  =  v k +  X kV k / R  

v * k =  v k( l +  พ R ) V k

( 20 )  v k = v*k/ ( l  +  (?vk/ R ) )

S o ,  t h e  e f f e c t  o f  i n c o m p l e t e  i n f o r m a t i o n  o n  e q u i l i b r i u m  p r i c e  i s  s i m i l a r  t o  
a p p l y i n g  a n  a d d i t i o n a l  d i s c o u n t  r a t e .

S u b s t i t u t i n g  v k =  I k p k/ R k a n d  v * k =  I k p k/ R * k i n  ( 2 0 )

Ik  q k/ R k = I k  p k/ { R * k * ( l + ( X k / R ) ) }

R k  =  R * k ( l +  X k / R )  =  R * k +  R * k  X k / R

( 2 1 )  R k - R * k = . X k ( R * k/ R )

W e  s e e  t h a t  i n c r e m e n t a l  e q u i l i b r i u m  e x p e c t e d  r e t u r n  o n  s e c u r i t y  k  i s  
p r o p o r t i o n a l  t o  i t s  s h a d o w  c o s t .

E. The incomplete information model
A p p l y i n g  S M L  i n  t h e  i n c o m p l e t e  i n f o r m a t i o n  e q u a t i o n  a n d  f r o m  ( 2 ) ,

V a r  ( R m)  =  b 2 +  Ik " x V k 

D e f i n e  p k  =  C o v ( R k,R m ) /  V a r  ( R m)

C o v  (R |C ,R 1ท) =  E [ ( R k - R k) ( R m - R m) ]  =  E [ ( b kY  +  o ke k) ( b Y  +  I kr x ka ke k) ]  
=  E [ b kb Y ]  +  E [ b kY  * I k "  x k CTke k]  +  E [ b a k8kY ]

+  E [ a ke k » I "  x k CTke k]
=  b kb  +  x kC T k
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T h e  s e c o n d  a n d  t h i r d  t e r m s  b e c o m e  z e r o  b e c a u s e  E(EfcY) = 0  and 
E ( Y 2)  =  E ( e 2k ) =  1

( 2 2 )  P k  =  ( b kb  +  x ka 2k ) /  V a r  ( R m)

W e  c a n  r e w r i t e  ( 1 6 )  w i t h  r e s u l t s  f r o m  ( 1 9 )  a n d  ( 2 2 )

( 2 3 )  R k  = R  +  bkbô + (ô XkCf2k - ô XkCT2k) + ô XkoVqk 
R  +  ô ( b k b  +  X ka 2k )  -  ô  x ka 2k ( l - ( l / q k ) )
R  +  8 V a r ( R m) P k  +  ( ô  x ka 2k/ q k )  ( 1 - q k )
R  +  8 V a r ( R m) P k  +  A k( l - q k)
R  +  5 V a r ( R m) P k  +  A k ( l - q k )

m u l t i p l y i n g  b y  Xk a n d  s u m m i n g  f r o m  k  =  1 t o  ท , w e  h a v e

Z k n x k ( R k - R )  =  Z k n x k 8  V a r  ( R m) P k  +  Z k nXkX,k

( 2 4 )  R m  -  R  =  8 V a r  ( R m)  Z "  Xk P k  +  k m

ô  V a r  ( R m )  =  R ฑ, -  R  -  k m  

S u b s t r i n g  Ô V a r  ( R m)  i n  ( 2 3 ) ,  t h e n

( 2 5 )  Rk -  R = Pk (Rm - R) + A* - Pk̂ m

R k — R =  P k  ( R m -  R )  +  a k  •********»***«****•*

( 2 6 )  w h e r e  ak = x.k - Pk̂ m

W e ,  t h e n ,  c a n  s e e  t h a t  i n  t h e  w o r l d  o f  i n c o m p l e t e  i n f o r m a t i o n ,  t h e  m a r k e t  
p o r t f o l i o  w i l l  n o t  b e  m e a n - v a r i a n c e  e f f i c i e n t  b e c a u s e  a k  w i l l  n o t  b e  e q u a l  t o  z e r o .

U n d e r  t h e  i n c o m p l e t e  i n f o r m a t i o n ,  t h e  o p t i m a l  c o m b i n a t i o n  o f  r i s k y  a s s e s t  f o r  
a  f u l l y - i n f o r m e d  i n v e s t o r  i s  g i v e n  b y  พ ' k =  A k  /  S a 2k w h i l e  t h e  m a r k e t  p o r t f o l i o  
h o l d i n g  o f  t h e  r i s k y  a s s e t  i s  Xk =  q k  A k /  8 a 2k. H e n c e ,  t h e  d i f f e r e n c e  i s  27

( 2 7 )  w * k  -  Xk =  A k /  ô a 2k -  q k  A k /  8 a 2k =  ( A k /  ô a 2k ) * ( 1  - q k )  =  ^ k / ô a 2k
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