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MERTON (1987)'S INCOMPLETE INFORMATION MODEL

Merton has derived a two-period model of capital market equilibrium 1in an

environment where each investor knows only abouta subsetofthe available securities

by starting with

A. The individual investor optimal demands

(1)

Ck-TkCuk + akY + SKEK)

where Ck stands forend-of-period cash flow
lkdenotes the amountofphysical investment in firm k
Pk, ak, Skare parameters of firm k’s production technology
Y denotes a random variable common factor with
E(Y)=10,E(Y2) = 1land E(ek) = E(8K 8i... ,Y)=0
k=1,..n

Let Vk denote the equilibrium value of firm k atthe beginning ofthe period

Rk = Ck/Vk = IkPk/Vk+ ak1Y/Vk + SkIkGk/Vk

Rk = Rk+ bkY + akSk

where Rk = E(RK) = IkPkIVK
bk = ak IIV:k
<sk= SKIKIVk

There are two other traded securities : a riskless security with sure return per
dollar R (Rn+2) and a security that combines the riskless security and a
forward contract with cash settlement on the observed factor index Y (Rn+i),
and assume that both are inside securities.

Rl = Rul+Y
The utility function of investorj isrepresented as
Uj= E(RjW j)- Var (RjW j)/2W ]
where " denotes the value of his initial endowment of shares in the firms

evaluated atequilibrium prices
Rjdenotes the return perdollarin his portfolio

5>0



(6.a)
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Portfolio return ofinvestor]

Rj= kZ:| WKRK + Wn+Rn+

Substituting (2), we get

Rj= ZK" Wk (Rk + bkY + CleK) + WiriRn+i + W Y
= (ZK"WKRK+  1Rn#] + (Zkn Wk + Win+)Y + (Zk" Wk

= Rj+ biY + <riei

where (5.1) = ZK"  jkok+ Wit
(5.2) 2= ZK'(wovic = aj= v(Zknwk)Vk)

(5.3) - LK W|ka KEK/cri

An expected return on the portfolio ofinvestor]

Rz 2R+ ZknskRK
Replace W ni2= 1- ZK"LWk

RI= R-ZK"HWkR +Zz r IWkRk
= R-Zk WKkR- W R+ ZK"WKRK + WhH Rt

From (5.1), replace Wn+"b* -Z k"w jkbk
R = R-ZK"WKR- (% - ZK" WKbK)R + ZK" WK Rk + (ot - ZK" WKbKIRn#

Rearranging

Ri =R +hi(RMl-R)-ZKk" WKR+ Zk" WKbkR + Zk" WKRk - ZK" WKbkRr+
= R+ b>{Rn., - R) + Zk" Wk (Rk-R-bk(Rn+. - R)
= R+ bi(Rn+t-R ) + ZK"WKAK

where Ak= Rk- R - bk(Rn+i- R)
From (5), Variance of Portfolio |
Var(Rj) = Var (b>Y + ) = (Iy)2Var (Y) + ( )2Var (§)
Var(Y)=Var(e)=1
< Var(RY) = (b2+ ( )2= ( )2+ ZK" (Wk)Vk

The optimal portfolio choice forthe investor

Mmax @, )z =( - @irvary- ZK"XWk
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where Xk is the Kuhn-Tucker multiplier that reflects the constraint that
investorj cannot invest in security k if he does not know about

(8a)

(9¢)

(10)

security k

Xjkz Oifk 6 Jj and Wk= Qifk 6 Jthhe compliment to Jj
from (6.a) and (6.b),the 1storder condition
azlabj = a Rjlafr - (0j/2) aVar(Rj)/ abj

= Rn+l-R-0j*2*bjl2

= Rn+l1-R-0jbj =0
azlawk= a RVawk- (0j/2)avar(Rj)/awk-alk"Z-Wk/awk=0
considerk = 1
azlaw, - A -gjxaxwixazin2 - X

azlawk = Ak - OWVCr- xk= o fork=1,...

From (8a) and (8h),

Optimal common factor
b*= (Rn+l- R)/ §

Optimal portfolio weights .
W k Ak/ 6iCT2K k G jj (Xjk= 0)
0 k 6 J

w*k =
from (5.1)  w'n+1=b1- Zk" wkbk

We know that  wV+2 = 1- Zk nlw*k = 1-Zk" w’k- vvnti
Substituting Vn+l from (9.d),

in2 = 1-Zk" W k-(b* -Zknw'kbk)
= 1-bj-ZkVk +ZkVkhbk
= -y + ZkVk(bk-i)
From (8b) and (9c), we have that
Fork GJjC  xjk= Ak=Rk- R - bk (Rn+l- R)

Forkclj xjk=10

Since X/kdepends on only exogeneous variables, Xjkis the same for all

investors.
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B. Aggregate demand to determine equilibrium prices and equilibrium return

Assuming 6j= Oand = forj=1, N

(11)

From (9.a) : Rn+1=R + Ob

Define Dk=ZjN ’'kWJ = the aggregate demand for security k
Follow from (9b), (9¢), we have,

Dk=2ZjN ik j= NkWAKk/5ak

From (9d) and (9¢), we have that

Dym-Sjn «V, 1- ZN -ZiN '»Jk b

(note that fr = b since it depends only on exogeneous variables, see 11)

D4 NW b-ZknbkG jNwikWj)
NW b-Zk" bk Dk
and Dn+2 ZiN = ZINT j-bw'+ Zkn ik (bk-D)W ]

NW -NWb + Zkn(bk-1) Z jV kW]
NW - NW b+ Zkn(bk-1)Dk

NW -NWb +ZknbkDk-ZknDk
NW - (NW"b - ZknbkDk) - Zkn Dk
NW - Dn+! - Zk" Dk

NW -Zkn+1Dk

Define XK= VkI'ZjN » = VKINW = Vk/M where M denotes equilibrium

national wealth. We have that, from the equilibrium condition Vk = Dk

(15)

XK= DKINW = NKWAK/ OCTZKNW = NKIN * AKGCT2k = gk Akl O a2k

where gk = Nk/N
from definition of Akin (6.b), we rewrite it as

Rk = R + bk(Rn+i-R) + Ak
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Substituting Rn+l- R from (11) and Ajcfrom (15)

The equilibrium expected return on security k,
(16) Rk = R+ bkbo + xkOaVgk — xxxxxxxxsxsx

Substituting Rk, bk and CTkas defined in(2) into (6), we have

IkPkIVKk = R + (aklk)/Vk* 8+ Xk 2k 1V qkv 2k

Multiplying Vk for both sides and substituting XK= viiu

IkPk - RVK + aklk bo + Vk O 2k12k/ gkM Vk

RVk = Ik (Pk- akbo -0 2kIk/qkM)

The equilibrium relation between the market value of firm k nd the
distributional characteristics of its end-of-period cash flow, the relative size of the

investor ase who know about the firm, and the aggregate-economy variables :

(17) VK = (IKIR)*(Pk-akbo-0s2kIk/gkM)  *¥xxxsxsxxes

c. Effect of incomplete information on equilibrium expected return and asset
prices

To find the difference between v*k and Vk, firstwe define v*k as
vk = (Ik/R)*(Pk-akbo-0s2klk/M) (qk=1

v¥k- Vk = (IK/R) * (Pk- ak bo - O 2kIKIM-Pk+ akbo + O 2k Ik/ gkM

(IK/IR) * {6 2k IkIM * (Ligk - 1)}

(IKIR) * {(1-qk) 0 2k IkigkM }

(18)  Vk = V*k-{(i-qk)0s2kIkigkM R} *#xsxssnsensns

We see that the market value of firm k will always be lower with incomplete
information, and the smaller the investor base, the larger the difference.

D. The connection between the effect of incomplete information on equilibrium

asset prices and the shadow cost of incomplete diffusion of information
among investors

Let Xk = XjN X)Xk /N = equilibrium aggregate shadow cost (per investor) for

security k, then forindividual j who does not know about k, Xk= Ak,otherwise Xk= 0.
We have
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(19)  xk= IjNAKIN e Ig
AK (N -N K)/N
(i-gk)A k

From (18), substituting from (2) 2k k= C2kv Ksfrom (15) vk M = xk=>
M =vkixk and from (19) : (I-qk) =X k/Ak) we have

vk=v*k- 0(l-gkakv24gkMR
Recognizing that oxkC2kgk= Ak,
VK= V¥K- AkXkV k/A kR
v\ o= vkt XKV KR
vek= v k(I+  R)Vk
(200 VK =¥kl (1+ (ukiRr))

So, the effect of incomplete information on equilibrium price is similar to
applying an additional discount rate.

Substituting v k= Tkpk/Rk and v*k= Tk pk/IR*k in (20)
lk qk/R k=1k pki{R*k*(I+(Xk/R))}
Rk = R*k(l+ Xk/R) = R*k+ R*k Xk/R

(21)  Rk-R*k=.Xk(R*kIR)

We see that incremental equilibrium expected return on security k is
proportional to its shadow cost.

E. The incomplete information model

Applying SML in the incomplete information equation and from (2),
var Rm)=b2+ 1k" x V k

Define pk= Cov(RkRm)/ Var (Rm)

Cov (RICR1)

E[(RKk-RK)(Rm-Rm)] = E[(bKY + okek)(bY + I krxka kek)]
E[bkbY] + E[bkY * Ik" xkClkek] + E [bak8kY]

+ E[akek» " xkClkek]
bkb + xKCTk



(22)

(26)

portfolio will nothe mean-variance efficient because ak will not he equal to zero.

a fully-informed investor is given by

The second and third terms become zero because E(EfCY) =0 and
E(Y2) = E(e2k) = 1

Pk = (bkb + xka 2k )/ Var (Rm)

We can rewrite (16) with results from (19) and (22)

bkbd + (0 XkCk- 0 XCTX) + 0 XkoVgk
0(bkb + Xka 2k) - 0 xka 2k(I-(l/qk))
8Var(Rm)Pk + (6 xka2kigk) (1-gk)
8Var(Rm)Pk + Ak(l-qk)

5Var(Rm)Pk + Ak(l-qk)

Rk =

U U U W =
+ + + + +

multiplying by Xan summing from k = 1to ,we have
Zknxk(Rk-R) = Zknxk8 Var (Rm)Pk + ZknXkXk
Rm-R = 8Var (Rm) 2" XKPk + km

6 Var(Rm) =R ,-R - km

Substring OVar (Rm)in (23), then

Rk- R = Pk(Rm- R)+ A*- Pkm

RK—R = PKk(RM- R)+ ak wobrmmmon o oo

where ak=xk- Pk'm
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W e, then, can see that in the world of incomplete information, the market

Under the incomplete information, the optimal combination of risky assest for

holding ofthe risky asset is X - gk Ak/ 8a2k Hence, the difference is2

(27)

wrk - XK= Ak/6a2k- gk Ak/8a2k = (Ak/oa2k)*(1-gk) = "k/6a2k

'k = Ak [ Sazk while the market portfolio
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